For the first time, the inhomogeneous Bethe-Salpeter Equation for an interacting system, composed by two massive scalars exchanging a massive scalar, is numerically investigated in ladder approximation, directly in Minkowski space, by using an approach based on the Nakanishi integral representation. In this paper, the limiting case of zero-energy states is considered, extending the approach successfully applied to bound states presented in Phys. Rev. D 89, (2014) 016010, where the Nakanishi integral representation has been exploited for solving the homogeneous Bethe-
I. INTRODUCTION
In the last few years, solving the homogeneous Bethe-Salpeter equation (BSE) [1] , directly in Minkowski space, has made a substantial step forward [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] due to approaches based on the so-called Nakanishi perturbation-theory integral representation (PTIR) of the n-leg transition amplitudes [12] . In particular, the Nakanishi PTIR for the three-leg amplitude is emerging as a very effective tool for studying the bound state problem [2-8, 10, 11] , within a rigorous field-theory framework. Though the Nakanishi PTIR of the three-leg amplitude, or vertex function, had been devised within the perturbative framework of the Feynman diagrams (as it happens for any n-leg amplitude PTIR), it has been shown to work extremely well as an Ansatz for obtaining actual solutions of the homogeneous BSE. It must be recalled that BSE, being an integral equation, belongs to a non perturbative realm, and therefore the Nakanishi integral representation of the three-leg amplitude can be only an Ansatz, when exploited in this context.
The main features of the Nakanishi integral representation of any n-leg amplitude are basically related to the formal infinite sum of the parametric Feynman diagrams, that contribute to the amplitude under consideration. In particular, the n-leg amplitude PTIR has a well-defined structure, given by the folding of (i) a denominator, containing all the allowed independent invariants and governing the analytic behavior of the amplitude itself, and (ii) a weight function, that is a real function depending upon real variables (one is a non compact variable, while the others are compact). It should be emphasized that the Nakanishi weight function, at this stage, has only a formal expression [12] . If there were an equation for explicitly determining such a weight function, then one could quantitatively evaluate the actual n-leg amplitude, under consideration. The homogeneous BSE, that does not live inside the original framework of PTIR, has inspired a different usage of the formal expression of a particular n-leg amplitude, namely the three-leg one. Indeed, if one assumes that the Nakanishi integral representation of the three-leg amplitude be formally valid also for the BS amplitude (still a three-leg amplitude, but for a bound state), then the weight function could be considered as an unknown function to be determined. Based on such a strategy, a successful attempt was carried out [2-8, 10, 11] for solving the homogeneous BSE directly in Minkowski space. More precisely, by using the PTIR Ansatz for the BS amplitude one can obtain an equation for the Nakanishi weight function, starting from the homogeneous BSE, and look for solutions. If one is able to solve the new equation for the weight function, then one can claim that BS amplitudes, actual solutions of the homogeneous BSE in Minkowski space, (i) can be formally written like the PTIR three-leg amplitude, and (ii) can be numerically determined. A very effective tool for obtaining an integral equation for the weight function from BSE is the Light-front (LF) approach, in its covariant version [4] and non-explicitly covariant one [9] . The numerical investigations have been performed within different frameworks, by applying different numerical approaches. In particular, the bound states of a massive two-scalar system interacting through the exchange of a massive scalar have been studied by adopting both ladder [2-4, 6, 7, 10, 11] and cross-ladder approximations of the BS kernel [5] . Notably, the extension to a bound fermionic system have been also undertaken [8] .
The above mentioned successful achievements for the homogeneous BSE encourage the extension of the Nakanishi integral representation to the study of the inhomogeneous BSE, i.e. the integral equation that determines the scattering states. Aim of the paper is to present the first application of our general approach introduced in Ref. [9] , thoroughly investigating the zero-energy inhomogeneous BSE, for a massive two-scalar system interacting through the exchange of a massive scalar, in ladder approximation. The calculated scattering lengths are compared in great detail with the analogous observables recently obtained [13, 14] within a completely different framework [13, 14] . Moreover, the distorted part of the zero-energy wave function is properly analyzed, putting in evidence the relation between a non smooth behavior of the Nakanishi weight function and the expected singularities of the LF 3D wave function, like the one that brings the information relative to the global propagation of the interacting two-scalar system. Finally, the integral equation for the Nakanishi weight function obtained by applying the so-called uniqueness theorem [12] , is analyzed with great care for the general case of positive energy. Such an in-depth analysis allows us to illustrate a surprising change in the width (from (−∞, ∞) to [0, ∞)) of the support of the Nakanishi weight function with respect to its non compact variable, when the zero-energy limit is considered. The calculation of the phase-shifts, that requests a careful analysis from both the theoretical and numerical points of view, together with a new and simpler treatment of the needed kernel, will be presented in a forthcoming paper [15] .
The paper is organized as follows. In Sec. II, both the definitions and the general formalism are introduced, as well as the problem of the support of the Nakanishi weight function, with a particular care to the dependence upon the non compact variable, is thoroughly discussed, given its relevance for the the zero-energy limit. Sec. III illustrates how to evaluate the scattering length from the Nakanishi weight function, in ladder approximation. In Sec.
IV the numerical studies of both the scattering 3D LF wave function (indeed the distorted part) and the scattering length are presented and compared with the existing calculations found in literature. Finally in Sec. V the conclusions are drawn.
II. THE NAKANISHI INTEGRAL EQUATIONS FOR SCATTERING STATES
In this Section, (i) we quickly recall the general formalism of Ref. [9] , for obtaining two integral equations that allows one to determine the Nakanishi weight function needed for the scattering processes, and (ii) we demonstrate a relevant feature of the weight-function support, that is very important also for numerically solving the inhomogeneous BSE.
The interacting system we considered in our investigation is composed by two massive scalars that exchange a massive scalar, i.e. a generalization of the honorable Wick-Cutkosky model [17, 18] in two respects: (i) the interaction takes place through a massive-scalar exchange and (ii) the scattering states is our focus.
A. General formalism
For scattering states, the incoming particles are on their-own mass-shell and we indicate their total and relative four-momenta with p and k i , respectively. In particular, the BS amplitude Φ + (k, p, k i ) can be expressed in terms of the Nakanishi weight-function
(64) of Ref. [9] ) as follows
where the total four-momentum is p ≡ {M, 0} and the power of the denominator is the same one adopted for describing a bound state (cf Refs. [4, 5, 9-11]). Exploiting a standard the present stage of our approach, both self-energy insertions and vertex corrections are disregarded, there one has
where i K is the interaction kernel (where the vertex corrections should appear), and G is the free two-particle Green's function given by
It is worth noting that the bosonic symmetry of the BS amplitude, Eq. (1), when 1 → 2, (i.e. p → p, k → (−k) and k i → (−k i )) has to be fulfilled, as in the case of bound states [10] . Therefore, the Nakanishi weight function must have the following property
Moreover, as shown in details in in Appendix A, one has
By projecting the BS amplitude onto the null-plane, i.e. integrating on k − , one gets the 3D LF scattering wave function ψ (+) , that is proportional to the valence component ψ
appearing in the Fock expansion of a two-scalar state, namely
n=2/p (given the normalizations assumed in Refs. [9, 10] ). The 3D LF scattering wave function reads
wherek ≡ {k + , k ⊥ } and ψ dist (z, γ, cosϕ; κ 2 , z i ) is the distorted part of the 3D LF scattering wave function, that in the CM frame, where p + = p − = M/2 and p ⊥ = 0, reads
It is worth noting that the property g (+) (γ , z , z = ±1) = 0, (see Eq. (7)) leads to the expected values of the distorted LF wave function at the end-point z = ±1, namely
In what follows, without loss of generality, we chose a head-on scattering process, namely a z-axis along the incoming three-momenta. In this case the variable γ i is zero and therefore the dependence upon cosϕ disappears. As a matter of fact, the distorted wave function becomes
with
Remarkably, ψ dist (z, γ; κ 2 , z i ) displays a cut, originated by the free propagation of the two constituents, just as in the non relativistic case. In particular, the distorted part of the scattering wave function can be rearranged in order to make explicit the free propagation, obtaining (see details in Appendix B)
where G + (γ , ζ , ζ ; κ 2 , z i ) is the Nakanishi weight function for the half-off-shell T-matrix (see Ref. [9] ). In particular, the relation between the two Nakanishi weight functions is given by
with all the constrains on the variables explicitly written. Indeed, notice that the dependence
(Ld) (γ , z , z; κ 2 , z i ) should be read as z + z z i (cf Eq. (66) in [9] and Appendix B of the present paper). From Eq. (11), the analogy with the non relativistic case appears evident, once the familiar form of the global propagation is recognized. As a matter of fact,
where M 0 is the free mass of the two-body system given by
It should be pointed out that the cut in ψ dist is mirrored in the integral equation determining the Nakanishi wave function, in particular in the part governed by the dynamics (see Eq.
(16)). It is useful to anticipate that the cut is cancelled by the proper factor in the evaluation of the scattering amplitude.
An issue of fundamental relevance related to ψ dist in Eq. (10) (or to ψ dist in Eq. (11)) is to determine the support of the Nakanishi weight function g (+) (γ , z , z; κ 2 , z i ) (or equivalently G + (γ , z , ζ ; κ 2 , z i )) with respect to the non compact variable γ . While the variable γ = k 2 ⊥ in ψ dist (z, γ; κ 2 , z i ) is such that γ ∈ [0, ∞) and the same holds for γ in the Nakanishi weight function when the bound state is discussed (see [10] ), in the case of a scattering state one has a different interval, namely γ ∈ (−∞, ∞). Then, a question rises about the width of the support when κ 2 → 0 − , i.e. the zero-energy limit which we are interested in. One should expect that the relevant support of γ had to shrink in order to match the one pertaining to a bound state. This can be accomplished if lim κ 2 →0 − g (+) (γ , z , z; κ 2 , z i ) = 0 for γ < 0.
Notably, this is what happens, as shown in detail in the following subsection. It should be pointed out that such a result is relevant for what follows, since we are going to consider the limit of a scattering state for κ 2 → 0 − , and one could be puzzled by the abrupt transition of the lower extremum for γ from an unbound value, for κ 2 < − , to a bound one, for the zero-energy limit.
B. The support of the Nakanishi weight function for the inhomogeneous BSE
In order to address the support issue above introduced, let us consider the first meaningful approximation to Eq. (4), namely the approximation where the kernel i K is substituted by its ladder contribution, given by
First, one inserts the Nakanishi Ansatz for the BS amplitude, Eq. (1) in the ladder BSE.
Then, one performs the integration over k − , obtaining the ladder inhomogeneous BSE projected onto the null-plane, i.e. an integral equation that relates ψ dist given by Eq. (10), to the dynamics dictated by the ladder kernel (see details in Ref. [9] ).
where
and F is
and
Because of the presence of the theta functions in Eq. (18), one has
It should be pointed out that Eq. (16) is relevant for the calculation of the phase shifts and, in the zero-energy limit, of the scattering lengths (cf Sec III).
After combining the global propagation with the denominator in W (Ld) (γ, z; κ 2 , z i ) and repeating the same step for F (see Ref. [9] ) one can apply the Nakanishi theorem on the uniqueness of the weight-function for an n-leg transition amplitude [12] . It should be repeated that the uniqueness theorem has been proven within a perturbative framework, while in the present context, a non perturbative one, the uniqueness is conjectured and numerically checked.
Finally, one gets a new integral equation for the Nakanishi weight function, that allows us to discuss the support issue, viz [9] 
Notice that the inhomogeneous term vanishes both at z = ±1 and at z = −1, as expected (cf Eq. (7)). Indeed, for z = 1, one has
that vanishes. For z = −1, one gets
and again the theta functions produce a vanishing outcome. Finally, if z = −1, the inhomogeneous term is vanishing, since
The integral equation based on the uniqueness theorem (that has been numerically verified for the bound states case in Ref. [10] , and for the zero-energy limit in the present work, cf
Sec. IV) leads to understand in detail the sharp transition of the support in γ.
For κ 2 < 0 the support is (−∞, ∞), and one can split the integral equation in Eq.
(23) in two coupled integral equations: one is inhomogeneous, while the other is homogeneous. To show this, let us introduce the following decomposition of the weight function
Inserting such a decomposition in Eq. (23) one gets
If κ 2 → 0 − , the off-shell kernel in the homogeneous integral equation, namely the one with γ < 0 and γ > 0, becomes vanishing and this leads to a system of uncoupled equations. As a matter of fact, one has for
since the delta function is always vanishing, given
The above homogeneous integral equation, valid in the zero-energy limit, is expected to have as a solution only g (+)
n;(Ld) (γ, z , z; κ 2 = z i = 0) = 0, given the freedom in choosing g 2 for scattering states. Let us recall that for the bound state case, where κ 2 ≥ 0, one gets a homogeneous integral equation and deals with an eigenvalue problem. In particular, one finds a discrete spectrum for g 2 , once a value is assigned to κ 2 and µ (see, e.g., Ref. [10] , where the bound state case is discussed, within the present approach).
It is also instructive to trace the behavior of the previous coupling term when κ 2 approaches 0 − . If κ 2 is different from zero, than the delta function in Eq. (33) can give a finite contribution, since its argument can vanish. To achieve such a possibility, one must have
since the other terms, µ 2 + γ and λ, yield always a positive contribution (λ approaches zero from positive values). The above constraint leads to a volume of the integration in the space {γ , ζ , ζ} (it is a hyperboloid), that shrinks to zero for κ
In conclusion, for scattering states in the limit κ 2 → 0 − , the corresponding Nakanishi weight function reduces to the component g
p;(Ld) (γ, z , z; κ 2 = z i = 0) and fulfills the following inhomogeneous integral equation
This is in sharply different from the general case κ 2 < 0 given by Eqs. (30) and (31).
III. THE SCATTERING LENGTH
In the CM frame, the differential cross section for the elastic scattering of two scalars can be written as follows [16] 
with T el ii the invariant matrix element of the T-matrix, that is dimensionless (recall that in a φ 3 theory the coupling constant g has the dimension of a mass), and f el (s, θ) the elastic scattering amplitude. It turns out that
where s = M 2 and cosθ =k f ·k i . To introduce the relation with the phase shifts δ , let us expand the scattering amplitude on the basis of the Legendre polynomials, P (cosθ), as follows
where the relative three-momentum is k r = s/4 − m 2 , or k 2 r = −κ 2 , and the projected amplitudes are given by
Finally, in the zero-energy limit, only the amplitude with = 0 survives and one obtains
where a is the s-wave scattering length. Therefore, in the zero-energy limit one gets
On the other hand, the scattering amplitude can be calculated through the BS amplitude as follows (see Ref. [9] for details)
Notice that in Ref. [9] , Eqs.
(73), (74), (78), (79), (80), and (90) have a missing factor i.
In ladder approximation and choosing γ i = 0, from Eqs. (10) and (16) one gets
If z → ±1 the free mass M 2 0 → ∞, and one can see that
taking into account also the constraints generated by the theta functions. In general, the denominators in Eq. (17) do not vanish, since (i) only minus components of on-mass-shell particles are present there, and (ii) the momentum conservation law does not hold for those components (one can also explicitly check that the denominators do not have real roots).
It is useful to introduce some kinematical relations relevant for describing the scattering process. In particular, the initial and final
Cartesian three-momenta, k i and k f , has to be completed giving the third components, viz
Then, one can write down the relation between the scattering angle θ and the LF variables z f and z i , given by
where p·k i = p·k f = 0 has been used (those constraints are imposed by the on-mass-shellness of the particles in the elastic channel). It also follows that
Finally, by exploiting the relation
, that is valid for γ i = 0, one gets
For κ 2 = (m 2 − s/4) → 0 − , both z i and z f vanish (as well as γ f = |k f ⊥ | 2 ), and one loses the dependence upon the scattering angle θ in the scattering amplitude, namely one has a s-wave scattering, as it must be. The two functions,
and lim
Then, in the zero-energy limit Eq. (45) reduces to (see also Appendix C)
where the first term in the curly brackets leads to the scattering length in Born approximation, viz
Moreover, g
0Ld (γ , ζ ) is the Nakanishi weight function in the zero-energy limit. It can be obtained by solving two different integral equations as discussed in detail in Appendix C, where the whole matter is presented in a substantially simpler way than the one in Ref.
[9] (notice that a mistyping in Eq. (103) of [9] has been fixed). In particular, the integral equation that links ψ dist to the dynamics governed by the BS kernel in ladder approximation is given by The expression of h 0 (γ , z; γ , ζ , µ 2 ) is given by (see details in Appendix C)
The zero-energy limit of Eq. (23), i.e. the integral equation based on the uniqueness of the Nakanishi weight function, (cf Ref. [9, 10] ) is given by
It should be pointed out that the presence of a non smooth behavior, like the discontinuity around γ ∼ µ 2 (1 − |z|), is expected if one has to reproduce the singular behavior of the distorted part of the scattering wave function (cf Eqs. (10) and (11)).
As illustrated in Sec IV, we have taken profit of the general structure of the weight function suggested by Eq. (56) for obtaining numerical solutions of both Eq. (53) and Eq.
(56), and eventually calculating the scattering lengths.
It is worth noting that the scattering length given by Eq. (51) represents a normalization for g
0Ld (γ , ζ ) , when µ ≤ 2m. As a matter of fact, from Eq. (56), that gives the Nakanishi weight function after applying the uniqueness theorem, one realizes that the inhomogeneous term is different from zero only for
Moreover, within the previous interval and µ ≤ 2m, the contribution to the kernel h 0 that contains θ γ
The final step in the above expression is always negative when µ < 2m.
Therefore, for 0 ≤ γ ≤ µ 2 (1 − |z|) and µ ≤ 2m, one has
where Eq. (51) has been exploited in the last step.
IV. RESULTS
In this Section, the numerical studies of both the scattering length and the distorted part of the 3D wave function are presented. First of all, let us illustrate our numerical method for solving the two integral equations in (53) and (56). The main ingredient is the following decomposition of the Nakanishi weight function that takes into account the singular behavior shown in Eq. (56), but also the result in Eq. (58), that holds for µ ≤ 2m (this is always fulfilled for realistic cases)
where (i) t = γ − µ 2 (1 − |z|), (ii) the functions G (z) are given in terms of even Gegenbauer
0Ld (γ, z) must be even in z) by
and (iii) the functions L j (t) are expressed in terms of the Laguerre polynomials, L j (bt), by
The following orthonormality conditions are fulfilled
In Appendix D, some details are given for illustrating how Eq. In Tables I, II can be assumed with a very high degree of confidence, as we have quantitatively also shown for the bound-state case [10, 11] ; (ii) differences between a CK [13] and our calculations are present for µ = 0.15 m when the value of α approaches a value which corresponds to a bound state of zero-energy. In such a case, in fact, the scattering length diverges (let us recall that, for the bound-state case, α is obtained as an eigenvalue of the homogeneous integral equation, in ladder approximation), or there is a change of sign (a more detailed investigation of the numerical issues will be presented elsewhere [19] ). Indeed, the last remark does not represent a big issue, given the completely different theoretical frameworks adopted in Ref.
[13] and in our work, and the well-known resonance behavior of the scattering length, when a bound state is approaching a zero-energy scattering state. Finally, it is worth noting that the Born approximation a BA represents a quite good approximation for small α, but with a caveat: smaller values of µ request smaller values of α. Summarizing, the results shown in Tables I, II and III, together with the calculations for the bound states [4, 10, 11] , are a very strong evidence that the Nakanishi Ansatz, like the one for scattering states in Eq.
(1), represents a reliable tool for solving the BSE's in Minkowski space.
In are shown. As mentioned at the beginning of this Section, the step-function behavior for small γ has to be present, and the discontinuities are needed for obtaining the expected singularities in ψ dist , like the one due to the global propagation. In Fig.1 , the transition from the weak regime to the strong one increases the discontinuous behavior, that for large µ become more and more smooth. Finally, recalling that for a bound state and µ → 0, i.e.
the Wick-Cutkosky model [17, 18] , the Nakanishi weight function becomes proportional to δ(γ), one can be interested to see the onset of such a behavior in the upper part of Fig.1 . 0Ld (γ, z) ∼ β θ(µ 2 (1 − |z|)), is dominant, and therefore trivial.
For giving a further insight into the Nakanishi weight functions, we present Fig. 2, that shows the same as in Fig. 1 , but for γ/m 2 = 0.1 and running z.
In order to give a more general impression of the solutions, it is more profitable to present LF distributions, obtained from the distorted part of the zero-energy 3D scattering wave function. In analogy with the bound-state case (see Refs. [10, 11] ), one can construct transverse and longitudinal LF momentum distributions. In particular, one gets the following 
It should be noticed that inserting in Eq. (63) only the first part of the decomposition (59), one quickly reobtains the singular behavior due to the global propagation as shown in Eq. 
Therefore, one has to expect singularities in the LF momentum distributions, that, as mentioned above, we define in analogy with the ones introduced for the bound states [10] . Let us emphasize, that only for the bound states they have a probabilistic interpretation. One could defines (i) the distorted transverse LF distribution and (ii) the longitudinal one, viz
with the fraction of longitudinal momentum given by
For the sake of presentation, it is useful to partially removing the singularities affecting the above distributions. Therefore, in Fig. 3 , γ 2 P(γ) and |1 − 2ξ| 3/2 φ(ξ) are shown. Figure 3 illustrates the overall behavior of the LF distributions by varying the coupling α and the mass of the exchanged scalar µ, as in Figs. 1 and 2 . It is worth noting the order-of-magnitude differences, when the coupling α is changed, but the typical features that one expects are still recognizable. A part the divergent behavior, already pointed out, that can be ascribed to the global propagation, the transverse distribution shows the ultraviolet tail produced by the dominance of a single exchanged scalar, exactly as in the case of the corresponding distribution for bound states (see Ref. [11] ). As to the longitudinal distributions, the expected peak at ξ = 1/2 or z = 0 is also seen.
The practical use of ψ dist is given by the evaluation of reactions that need a reliable treatment of the relativistic effects, i.e. when the coupling constant becomes larger and larger.
V. CONCLUSIONS
In the present paper, our approach [9] [10] [11] , based on the Nakanishi integral representation of the Bethe-Salpeter amplitude, is extended for the first time to the quantitative investigation of the zero-energy limit of the inhomogeneous Bethe-Salpeter Equation, in ladder approximation, for an interacting system composed by two massive scalars that exchange a massive scalar. This represents a non trivial task, that has allowed us to gain a sound confidence in the Nakanishi Ansatz, as an effective and workable tool for obtaining solutions of the homogeneous and inhomogeneous BSE's in Minkowski space. Indeed, the same approach that leads to a careful description of the bound states also yields a very accurate evaluation of the scattering length, as shown in Tables I, II and III by the quantitative comparisons with the same observable evaluated within a totally different framework, based on the direct calculation of the contributions from the singularities of the inhomogeneous BSE [13, 14] .
As in the bound state case, we have performed the calculations by using the integral representation of the BS amplitude in terms of the Nakanishi weight function, Eq. (1) 0Ld (γ, z), in the zero-energy limit, vs γ/m 2 , for µ/m = 0.15, 0.5, 1.0 and z = 0, Left panels: weak-interaction regime with a chosen value α = 0.1. Right panels: strong-interaction regime with a chosen value α = 2.5. perturbative regime the uniqueness of the Nakanishi weight function, though the theorem was demonstrated by Nakanishi [12] in a perturbative framework, but taking into account the whole set of infinite diagrams contributing to a given n-leg amplitude. In ladder approximation, such a simpler integral equation is shown in Eq. (23). Solutions for κ 2 < 0 will be presented elsewhere [15] , completing our investigation of the two-scalar system (we could anticipate that a further simplification in the integral equation to be solved seems possible).
The numerical comparisons for the scattering lengths, obtained by using our Eqs (53) and (56), and the ones calculated in Ref. [13] are shown in great detail in Tables I, II In conclusion, the Nakanishi Ansatz for the BS amplitude allows one to numerically solve in a very accurate way the inhomogeneous BSE, at least for the zero-energy limit. Such an outcome of our approach, together with the very nice results obtained for the bound-state case, strongly encourages to move to κ 2 < 0 scattering states, in order to evaluate the phaseshifts. If a positive comparison between phase-shifts evaluated within our approach and the ones in literature [13] will be achieved, the reliability of the Nakanishi Ansatz as a starting guess for obtaining exact solutions of BSE's in Minkowski space could make a substantial step forwards, confirming the great potentiality of this method, that can be applied to many other cases, changing dimensions [20] , statistics, kernels, etc. The same holds for |z | = 1. First of all, let us perform a change of variables, viz
then Eq. (A1) becomes
since ∆ ≥ (1 − ξ) + |z | ≥ 0 and 1 − ξ ≥ |∆|. For z = −1, one has z − ∆ ≤ 0, and then
since −∆ ≥ (1 − ξ) + |z | ≥ 0 and 1 − ξ ≥ |∆|. Therefore, from the above results, one gets
The distorted part of the 3D LF scattering wave function
In this Appendix, it will be shown how the expected global free propagation of the constituents can be factorized out in the expression of ψ
dist , as in the non relativistic case. This result is relevant in two respects. On one side, it emphasizes the analogy with the non relativistic approach, and on the other side it allows one to understand the support of the Nakanishi weight function g (+) (γ , z , z; γ i , z i ), when γ runs.
In the CM frame (p ⊥ = 0 and p ± = M ), assuming without loss of generality a head-on scattering, i.e. γ i = 0, the 3D LF scattering wave function, is given by [9] 
By using the Nakanishi weight function for the half-off-shell T-matrix, one gets the following expression [9] 
Then, one can write
One has the following poles (recall that 1 > z > −1)
One can reobtain the expression in Eq. (B2) by applying the Feynman trick to Eq. (B11).
For instance, one has
Inserting the above expression, together with the one containing θ(z + z i z − ζ ), in Eq. (B11), one gets the following expression for the distorted term
where γ = α γ and ζ = α z .
The theta functions between curly brackets single out the following integration regions
The above intervals lead to the following constraint
The Nakanishi integral equation, involving ψ dist , for κ 2 ≤ 0 (see [9] ) is given by
For κ 2 = 0, it follows that γ i = z i = 0 since
Then, taking into account that g
(Ld) (γ, z , z; κ 2 = 0) has support only for positive γ, one can write (cf Eq. (C1) and subsec. II B) has to be positive for getting a non vanishing Z (γ , z , z; γ , ζ , µ 2 ).
Performing (i) the integration on z in both sides of Eq. (C3) (recall that 1 > |ξζ(1 ± z)/(1 ± ζ )|) and (ii) the integration on ζ in the rhs, one gets 
Notice that in the inhomogeneous term in Eq. (C7) the factor θ(µ 2 − γ ) has been dropped out, given the presence in the same term of the step functions θ [1 ± z − γ /µ 2 ]. In
Eq. (103) of Ref. [9] the step function θ(µ 2 − γ ) has been accidentally overlooked.
In conclusion, by applying the Nakanishi theorem on the uniqueness of the weight function [12] , one has the following integral equation 
where t = γ − µ 2 (1 − |z|). 
